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Integral Zgustion By J)(;’D

The distribution of neutroas is described by the integral eguetion

N (o) = (1 +¢ ofap N{r',t "LI‘:‘.E".L} e

4 /r-'c"] v

-0—"[, II"-I“ [

whare 0y is the towsal cross section per unit length, v the neutron velocity,

L + £ the mean number of neutrons ensrging per collision., Here two sim-

rlifications have been used. 411 collision processes have been assumed

isotropic and the neutrons assuned monochromatic. Here f may

on position but not G . Corrections for anisotropy of scattering will ’

be dependent

Ao pss.16 Date: (0 - 9
27~ . CIC-14 Date: 3-7-9(

Le discussed later,

We look for a solutiovn of the form

" For REerErENCE
E

N {r,t) = ¥ lr) e¥" . NOT TO BE TAKEN FROM THIS ROOM

!
’ CAT. RO. 1938

LIBRANY BUREZAY

thien b T TTTTT T

R (r) = 1+f) gzxdr' e
5Lﬂ4n’ ‘r-—r ]2

Suaplify by taking, wsit of time and disteace such that Ot = V=1, i.e.,

the ncan free path and time arc units of distence and time.

-1+ )t-r‘—rf\,-r

N(r) = (1+f ar e v' fwo'rr)

T }r-r'\a
iatroduce R = (1 + ¥ )r giviag

.
~| BT !

, N (R) = S 1+ £ dr!t e N(R
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Unues-

—

“I. Copsider first plene slab, tamped or untamped. Then have

’

T (R) = N (x)

- /(x;x' )24 P2

N{x?)

N (x) =(1+7¢ x ! 2P
SM( 1+Y) ((x‘-x'”%rf)

ﬂx-xv)2+,P2=l ; Lar :jdl

A )
Nix)z (L+r e (™ . ad o N=x)
j"z'(l +¥) E L
= de’ 1+ b ox-xt| )N(x)
(L + %)

—>
{2) supposu sphorical, thon N (R) = N(r)

—/rz + 713 ~2ppt
1(r) -g 1+ f rt%arta @ a ® N (19

T\E(T ¥¥T TP T0F arr A

write M(r) = rU{r)

- 4 -o\/r2 +r12 2rrt o ‘
T(r) -j “ler dr'\g aM r'r o U{xt)
Reptag ' .
o TReTTRLZr Tt LA

/ |
E \/rz MEA A T L Y -2l ®

| y ~ ; A
. ' Prrto _;L"d,ez e.‘/‘_-’,- 'Idl 3 = El
g 9‘*1%’5"“ ) zj,'f‘a Sjg" .‘[“ r-1|
..’ -

U(x)
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3 v

TP U (r) is teken to be odd in T this can be represonted by

I~
U (r) = S art 12 uler) m(}rert|
2(1 +%)
wiilch is farmally identical with the planec slab aquation. . Thus the solu~
tion for & gpnore is O.otcrminsd by'the odd solution in 2 planc slab of

thicknuss squal to the sphore’s diamctor.

- I1IT. Intorior Solution
Tho ehzractor of tlic solution. far from a boundary (wherce £ changes)

ean be Gutermin.d by taking the fector l+f out of thc intugral
‘ 2{1 +

N,
v’

&1d uxtonding the limits to ©° . Then
led
N(x)= _1+¢ axt N(x?') E([x-—x'/)
2(1+¥) .

- oo

for £ > ¥ take N (x) = olkx

therefors
¥
ollkx =1+ F O"dx.eikx E(‘k_xg\) = elkx 1 + ¢ ,Z; l+ikj
' 2(1 + ) ' 2(1+y leik
-1 b

L+ tan "k =21
1L+ k

Tor k& 1, k£ /3(f-%)

) v l + f

If £ end ¥ arc appruciable this rusult ¢ifisrs considerably from the cor-

reet result, mors so that the difforcntial 4. .rfieiam theory rcesult,

kdiff =\[3 (f—b/)

Zairr diffors from X by a factor which is elmost =

int

_mouzed per..on 15 e \
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4.

constant f. For .xampls, for £ = «5, WwJs have
K = Kairr (1.185 + ,080 ¥ )
N
a3 for £ = .3
Kg FEyipp (1115 + ,083 ¥ )
In &.n ral KS i kdiff (L.012 + ,343f + .080 ¥) to a fuw thousandths for
BLrg.s ~2K Y L L

I17. Boundary Condition.

Th. difrusion thoory boundary condition -gquat.s th. logarithmiec
derivatives of the two solutions across a boundary. For a tamp.d gadget
this is & r.8sc.iably dec.nt approximation in gotting the sizo of;thc cor:
althoush it do.s not wull roprussnt tho naturs of tio solution ncar the
boundary. Untamp.d, th. epproximation is cuitc bad. A much botter boun-
dary condition can b. obtaincd by sxamination of +ho boundary ;onditions

for thos. probl.ms which can (so far) b. solvad -xactly.

V. &Sxact Solution, Untamped Scmi-infinit. Slab.
The neutron distribution in an untamped or infinitcly teamped somi-
infinitc slab can b: obtain.d by a muthod patt.rincd aftcr the mothods us-d

by Halp.ran, Luunb.rg, and Clerk and by Uchling in their trcafmcnts of thc

albcedo probloum.
For untamp.d s.mi-infinitc slab we have

N(x) =z 1+7¢ S&dwNmUEquﬁ)
2(1 +2) o

write N (x) - f(x) + g(x) whcrc

g(x) =0 for x<O

s auth’nzed person

f {x) = 0 for x3 O

Then

glx) + f(x)Pﬁc%?éD*‘F;qQSPUBngé RE A
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5

~kx
G(k) = S dxe  g(x)
o -k
F(k) = (“daxe f£(z)
Y ef ~kx -4 .
(k) + F(k) g1+ £ (7 axc S x'glxt) B(|x-xt])
a(1+3) ) oV w _
. T o-kx! o ~ky
=1+t (Tawelx)e {%aye m(y|)
2(1+% \3_6,
¥V = x-x' -
o -ky ,‘
S ars- By =1 bn Lrx
- o0 k -

G(k k G(k lf»l,&ﬂlk-«l =F (k
(k) £ (k) = ()[+ n 1+ } (i)

,ﬁn P (k) =,£n F(k) -,['In G(ﬁe),

F(K) is & lincar combination of asconding -Jxlaoﬁuntials hunco is analytic
in tho loft half-plan.; G(K) is compos.d of ducaying <xponcntials and is
having these analyticity properties
analytic in th. right half-planc. A4ny functions F and G/such that fG = F
arc solutions of the intcgral squation of the dusir.d typc sincs the corrcse
ponding f(x) and g(x) will vanish right or loft respectively.
P (k) vanishcs at * ikl or + Ko according as £ is » or< ¥ . Thcn,dn})(k)

is analytic in thc planc cut as follows:

A £r<3
X lkl
oo s or - — .
=1 1 B //5,’]_ - kg ko 1
p — 1y APPROVED FOR JaUE;P'G;BI}_(EASE
TM—& 4 .
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6
Y
nf(k) can bc reproscnted as .
(‘ 1k1
J na(x) ;,ﬂ_l__“_g axr fn Llxr) L _ P =>
Coemi ) k'k & — 1‘ N~
C= R+L -
. U lkl
+ const. or £¢ A
:ﬁn)'l fﬁnﬁz + const. .
L R
whore - " —E 2
. = -1 K K 1
,211_/3 (k) = 1 dk? ,Enf)(k') o \‘o
1 31 JK'=k
R
L n P (k) =1 " ak! I{nf(k')
2 21 \ kt=k
L
thon taking —
,?,n Flk) = 4n J”l (k)
/£n G(k) = -ln Juz (k)

satisfics the intcgral ceuation and analyticity conditions as ,[, n Jol
is analytic to the 1¢ft,£nJ’2 to th. right. (In the case £<¢ ¥ tho
solution, g(x), is pr.dominatly tho asccnding oxponéntial okox so G(K)
is, as it should b., analytic only to thu right of Ko'

For f » ¥ thc contour intcgral rcduces to

. a _.
bnalk) = 1 (las ten |42 —_Infise afn 3o -1
T ) s(i=ks) tan h-IS-1 L1 +J] [I4FR 1-k
o 5 1+ ¢f

The important f.aturcs of g(x) can bc gotten from this cxprossion for}nﬂ(K)
as follows:

g{x) = A sin K (x+x ) + h(x), h{x)-0 as x — o°

1 o e

National [ :
meaning cf




E

thoen
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G(k) = o] -

A
21 | k-ik k + ik

1

+ 0(1)

/gn G( M+ ik ) :,/nA -Jn (2i) ~j.’n;(+ ik x +.0 (1)

1

Lo

Ano(-ikc ) 2 bna-hn (-21)=dnV- ik x +.0 (1)

1

lo

2ik ¥ = lim  /Zn6(y + ik ) ~Lne(¥( =ik ) 7 +fn (=)
1 1

1o Y=20

This limit cen bu gotten from thc above analytic uxprossion for,lgn G{k)

and gives

! -1
x = 1 ds tan T[g B
o 7 1+ k%82 tan h=ig = 1 1 + ¥
0 1 sS1l+f
whore &s before
~1
ten kK 1+f
1 = 1
< 1+3
1
Here x is the distance (as before in units of 1 x the mean froc path)
0 1+
from the boundary &t which the sin function - to which the actual distribu-
tion is asymptotic vanishces. If the same proc.dur. is followed for the

hyperbolic solutions tho rousulting oxprussion for x  is of thc sams form bub
2 2 22 -1l o

~
with

product x

o)
L7103 ot 1

7152 at 1 + £ =

l+k S rcplaced by 1 =K S whore tan h

ko - lo

1 o
L
The valucs of x computed fr.m this formula
o
1+ £ vory ncarly constant, having a
T+
+

|"b++
L)
:lz°<

—

+

N

1+

1.05 cnd rising to about ,7140 :

f
1+
ere such s to meko the
minimum valuc of about

= l.8 &nd to




Tho "offset", x, for f = ¥ =

£: 2 the formil value,

This zi

&(0)

roleted to G(k).

A nuaber of valucs of G ( =

and give &

APPROVED FOR PUBLI C RELEASE

8

0 is +7104 which differs considoreably

¢}
l = '5770

BT
W value of g(x) &t x = O may be duturmined by the rolation

G (x) ¥ g (0)

k
ky7? 1
g (0) = lim (fn o(x) + Lnx)
K= oo

sives for th. linuar solution (for £ = ¥ = 0), g(x) = .7104 + x
to four significant figurcs, 1.
\¢

= «5773 which is,
Th: anguler distribution of n.utrons vmorging from the sleb is simply

o -8 = X
= /“j‘ dse g(Ms) = S dxc # g(x) = G( )

N(,¢
L ) have becn computed for the lincar solution

r.sult very closoly fitting the Fermi form

2
N (M) L M+ [3 M

VI. Poioped Scmi-infinits glab.

Tho loplces transformetion of the integral cquation now tokes thoe form

whers £4 is the £ for the tomper.

slightly nogotive for

The sclution of the tompod slob pres nts no now difficultics.

(k) + G(k) = 1+ G (k) +1+ Ty F(k) ,yn 1tk
1T+ 7 R K 1%k
It will bs zcro for a "perfoct® tamper,

t roal tomper (roprosenting 2bsorphion.)

Then
- 1+f 3} ,Kn 1+k
1+7 2k 1=k a
G{k)P(k) = Gk = =Pk
(£) 2 () 2 O] ppif T dop = (i) o

APPRO\/ED’%:@? PUBulé& RELEASE  sommer— S 57
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o

with rogulrrity conditions as bcfiro. /ﬁ n (k) hos now brench poin@%én

th: iz points, + 1, + 1k]_zf“t*nh S, i ¥ § = J._;7
v - +

-1

.y , trn bk l+f, ~1 .
Anl_: Ko ZT. i 0 T Zi ;7 . {(Assuming ¥ >¥ > ft)'

Tu. right contcur will thon cnceleoss 1 end ko’ the Loft contour -}, -k, cnd
F iky, e ¢(k) should bo cnalytic to the right of the imcginery axis, F(k)
wrorywhors 1.0t of +kg.  The offsct of the sinusoidnl (core) sclution is

computen s bifore, with the rosult

~1 , S S
Xo=1 tn ky +1 de _ {ten P/2 ~ton /2
ki kg In 1+ k2 82 =1 e
© : ton b S =1 1+f ton h S=3 +f
. s l¥¥ s 1&‘%
vhere 28 berferc
-1 -1
L +f ftom kg =21+ fy tenh ky, =1
1 +72 kq 1+ 7 K,

Thu socend term is nogative ond quite smoll ond when divided by {1+ % )
(in tronslating the rgsult into meon free phths) is npproximetcly constant,
For f in tho ronge .3 $o 1.0 =nd 0% £ it has the valucs .045 + ,005.
The first t.rm cloac givos just the diffuéiun thoory boundary condition.
Thus o convenicat recipe for dctermining the ecore radius which is guito

cecurnte cvour the int.rosting rongs is

-1

Rz ,045 +0 =tan

L

ko (1 + )

whors
-1
l+ by t-n kl = l+
1+ 7 k1 1+

The doviations of the oxnet solutiin from its sinusoidol csymptotie fomm
~2.95x%
“re ospell ond dic out very rvopidly, ~bout s ¢ s 2wiy from the boug-ﬂﬁ .

cexry X Thus ot o distones of cno core diameter the discropincy is neglf—?

Tﬁfb 1s true of the straight line solution. For sinucoidal solutions’ the
decay of the devietions is more rapid. This is indicated by the fact that

tde error in the radius of ;@S E%iﬁ%@eﬁ: hﬁigﬂﬁe e¥§%?€§§£§ this method
w2cked by a varlatlon met dP o f§§s 4 ) adins for “zero radlusnv,.
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e

5Cbl. "nd the cpplicttion of cnothor boundery condition csscnti:Ii?mﬁﬁéffcct-
1o Thus tho ~bove trontment for the scmi-infinite, infinitely tempoed slod
¢ b opplicd without import-nt ch-ng. to the add solution in 2 finite slaob,

h.nes to the infinituly trmped sphore. ‘

VII. Anisotrophy of Sccttering. ) : '
If ths sentt.ring is cnisotropic thon eorrcet resulita con be obtained

from the pruceding formul-o only if Oy Tropr.os.nts not ths totnl cross ‘

goction but = judiciously choson rvirngs cross scetion. Tor vory smell 3 i.c.

distributions ch-nging slowly with position, the corr.ct =~v.roge is the

tronsport overtgo.  Since k is not in fact small wo must gut 2 butter cpprox-

imotien. This will bs dene by redetermining the relsotion for k for the ine |

Tinite sinusoidel solution cnd usiaog this new k for the sealo of l.ngth.

If tho scottering distribution is

G’(/U-) :6'6 + 6’1?1 (/u) ’*O—éPZ (/(A_) + seece
thon the noutron distribution,
iler
WL (ry, A) = e -4 2, ()
n n

must satisfy the equation

~(oy *+ ¥ o) -
Lir, M) :Sdﬂ-'gwdse 7o ° sf(?-sg.ﬂ') G{ATHYE (Y =1)0s
c i 4 1

(here ¥ is measured in terms of Gg)

ik,r

ik.r w =(0p * I -ik M) s x
e Z.n Apn Pp (M) =ze 8 df?X dse
0

Tadn By (M) | Tpam, (PTR0 ¢ (V1) o

Nat - niz,
mean.i: T . w
Its toanvm i

; BZca peison is HIOERS

APPROVED FOR PUBLI C RELEASE
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1l

Yoh P (M~ 1 Ko $ao +(/ =1) THL P
n ' n n V OB +-g,3/°..ik/u O{O fj’ [o]

<@
= 1
Go ¥ ¥ o5 ~ik A+ n=0

inte,rating M4 from -1 o 1 with B, (M) gives

2d o '

. 2_1' = %% Um (l + fg ) C"./M Pn(_/‘“) Pm (/‘A)

n Y ot =ik M
-1 ~

where ~t=Go (1 + 2)

writing 2a(, Gn , l(: X, ;fr—n = 0q

2n +1 ot :-5.
i@ =5 . L+t )P LY Q {1
: (f“ Zm;\'n/smﬁr_n é:n £ {()25?

+ ) Bzf-( 1 )
oy m

“m n( 1)() m
This can be expressed as a determinantal equatvion which for assumed values
of Ty K anld~ ¥ gives f. If Op = (Q forn = 1,2,.... the result is just

that of the previous ftreatment. For o-n =0 forn = 2,3,..... the result is

-1
-1 tan Y
tan y( "/6:1 (1~ U )
1 +7 = »{ A2
1+ 7f -l
1- 43 (l-ten U )
2 “{

which, in the limit of small X, gives the diffusion theoretic result in-
volving only the transport cross-section.
With 0oy Oy » @and O 5 we have

-1

. -1 2 -}
tan M -0 |l-tan M | +43 @ _gﬁ! (3 + ) tan 4( =3
Lay . M T 4 o 4| A
1+1
1~ T3

M2
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4 threc term expansion fitting roasonably woll presént knowledgs of the
¢rhae ssetions gives & eritical radius two per cent larger than that dee
1.7.4 feoa tis isotropic scattering formula using the transport avorage
e ba sg“ttvring cross scction. This discrepaney inercascs to throc ‘
p.r cout ot about two eritical redii.
Combining this r_sult with the intcogral corrcction formmule gives, |

-1 ;
R : « 045 +ﬂ\ -tan }_{_‘L >\ trans ;‘
kO

X 1

Ky £J3(E= 3] (.99 + .34f + .05 %)

Ena =/3 D'éft) (.29 + .34 £y + .05 3)

Bt NG
e s - 1) - . trans .
where £ = (M «l) 0P , 2 dcfincd by o _ time dependenccs

The appended curves give the untemped extrapolated end point, X, 88 8
function of 1 + £ and the approximate shape of N(x) for 1L + £ = 1 for the

T+% T+7
untampsd helf-infinite slab.

3 ]
Pv3tland 32,
comtents in

APPROVED FOR PUBLI C RELEASE
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